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PERIODIC POINTS OF HOLOMORPHIC MAPS
VIA LEFSCHETZ NUMBERS

NURIA FAGELLA AND JAUME LLIBRE

ABSTRACT. In this paper we study the set of periods of holomorphic maps on
compact manifolds, using the periodic Lefschetz numbers introduced by Dold
and Llibre, which can be computed from the homology class of the map. We
show that these numbers contain information about the existence of periodic
points of a given period; and, if we assume the map to be transversal, then
they give us the exact number of such periodic orbits. We apply this result
to the complex projective space of dimension n and to some special type of
Hopf surfaces, partially characterizing their set of periods. In the first case
we also show that any holomorphic map of CP(n) of degree greater than one
has infinitely many distinct periodic orbits, hence generalizing a theorem of
Fornaess and Sibony. We then characterize the set of periods of a holomorphic
map on the Riemann sphere, hence giving an alternative proof of Baker’s
theorem.

1. INTRODUCTION

In dynamical systems and, in particular, in the study of iteration of self maps of
a given manifold, periodic orbits play an important role.

Given a continuous map f : X — X, a point x € X is called periodic if there
exists k € N such that f*(z) = 2. The minimum of such k is called the period of
z, and the iterates {z, f(z),..., f¥~1(z)} form a periodic orbit. For such a map, it
is natural to ask how many periodic orbits it has or what are the possible periods
that may appear. To deal with these problems, differential topological methods have
often proved to be very useful, since it is clear that the topology of the manifold in
question plays an essential role.

The Lefschetz Fixed Point Theorem was one of the main results in this direction.
Knowing the homology class of the map, one can compute its Lefschetz number L(f)
and, if the result is nonzero, conclude the existence of a fixed point. Clearly, the
same process, applied to the k" iterate of the function, f*, would give the existence
of a periodic orbit of period k, or a divisor of k. We have gone a long way from this
theorem, and there is plenty of literature on its generalizations and applications
(see [2,[5, Bl [I6]).

To deal with the problem of existence of periodic orbits with a given period
the periodic Lefschetz number of period k, denoted by I(f*), was introduced in
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[7] and [I5]. These numbers are defined for any continuous map but, in general,
they become really interesting when we restrict to the set of transversal func-
tions. Recall that a periodic point = of period k of a C! map f is nondegenerate if
det(Id — df™*(x)) # 0 for all m € N. We say that f is transversal if all its peri-
odic points are nondegenerate. For a transversal C! map on a compact manifold,
I(f™) # 0 implies the existence of a periodic orbit of period m if m is odd, and
period m or m/2 if m is even (see [15] and [12]).

In this paper we deal with maps f : M — M where M is a compact complex
manifold and f is holomorphic. We will always assume that the periodic points of
f are isolated in the set Fix(f™) for all m, where

Fix(f™) = {a € M| f"(x) = a}.

For a holomorphic map this is not a strong assumption. Indeed, if that were not
the case, Fix(f™) would be a variety of (complex) dimension at least one (see for
example [22]). Hence we consider this a degenerate case.

D. Fried in [9] worked in this setting and gave criteria for these maps to have
infinitely many periodic orbits. Our goal is to study the periodic structure of
these maps. We will see that the rigidity of holomorphic maps makes the periodic
Lefschetz numbers a much more powerful tool than in the C! case, since one can
remove the hypothesis on the oddity of the period m.

Let

Per(f) = {m € N| f has a periodic orbit of period m},

where, as usual, N denotes the set of positive integers.
In Section Bl we will prove (see Theorem B.1)

Theorem A. Let M be a compact complex manifold and f : M — M a noncon-
stant holomorphic map. Then, there exists M > 0 such that, for all p € N prime
and p > M, I(fP) # 0 if and only if p € Per(f). If furthermore f is transversal,
then, for all m € N, I(f™) is the number of periodic points of period m.

We observe also that in some cases the use of these numbers can be twofold:
computing the periodic orbits of a few low periods we obtain some Lefschetz num-
bers from which we can obtain the homology class of the functions in question,
something that in general it is not easy to compute.

In Section we apply Theorem A to two different examples. The first application
deals with the complex projective space CP(n). For holomorphic maps of CP(2)
Fornaess and Sibony in [10] used complex analytical techniques to show that they
have infinitely many periodic orbits. Using a criterium of [I9] and Theorem A, we
will show the following. (see Theorem [£.2)):

Theorem B. Any holomorphic map f : CP(n) — CP(n) of degree d > 2 has
infinitely many periodic orbits. If furthermore we assume f to be transversal, then
f has periodic orbits of all periods.

The second application (Section E2) deals with some special type of Hopf sur-
faces, for which we first characterize their holomorphic self maps and then show a
similar theorem.

For general holomorphic maps, that is, not necessarily transversal, the complete
characterization of the set of periods becomes very complicated. To our knowledge,
the set of possible periods (of holomorphic maps on compact complex manifolds)
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has only been studied for the 2-dimensional sphere by Baker in [3]. Using complex
analytical techniques, he showed (see Theorem BEI) that any holomorphic map of
C U oo must have periodic orbits of all periods except, maybe, periods 2, 3 or 4. In
Section @ we give a different proof of Baker’s theorem using the periodic Lefschetz
numbers. The theorem becomes a corollary of the following (see Theorem B.).

Theorem C. Let f be a rational map of C of degree d. If I(f™) > 2m(d—1), then
m € Per(f).

This result makes heavy use of the strong relation between degenerate periodic
points and critical points of f (points of derivative 0). This is a special property of
one dimensional holomorphic dynamical systems; hence we think it will be difficult
to generalize this technique to higher dimensional systems. Using a somewhat
different approach, work in this direction has been done by Fried in [9].

The authors would like to thank P. Ahern, D. Fried, A. Gasull and F. Manosas
for helpful conversations.

2. LEFSCHETZ NUMBERS

The key work of Lefschetz in the 1920’s was to relate the homology class of a
given map with the earlier work of Brouwer on indices of self-mappings of manifolds.
These two contexts give two equivalent definitions for the Lefschetz numbers, and
from their comparison, one obtains the information about fixed points.

Let f: M — M be a continuous map and M a compact manifold of dimension n.
Then, f induces homomorphisms on the simplicial homology groups with rational
coeflicients

where, as usual, Q denotes the set of rational numbers. These groups are finite
dimensional, and hence, once we choose a basis, each of the homomorphisms f,;
may be written as a matrix with respect to this basis. The first definition of the
Lefschetz number of f: M — M as above is

n
L(f)= Z(—l)itrace(f*i).
i=0
On the other hand, let x € M be an isolated fixed point of f. If B is a small
closed ball centered at x that contains no other fixed point of f, then the assignment

f(z) ==

EVOEE

defines a smooth map F : 9B — S™~ !, where S"~! is the sphere of dimension n— 1.
The degree of this map is called the (Poincaré) index of f at x, and we denote it
by ind(f,x). On the plane, the Poincaré index is the winding number of the vector
field f(z) — z about the fixed point z. Equivalently, one can think of the Poincaré
index as the local degree of f—Id at the fixed point x, i.e. the number of solutions
of f(z) —z = € in B (each one with a plus or minus sign depending on whether
f—1Id preserves or reverses orientation at that point), where ¢ € M is sufficiently
close to zero and a regular value of f—Id. It is important to note that the Poincaré
index is constant under small perturbations of the map (see [5] [6]).
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In this context, the Lefschetz number can also be defined as follows. Let f :
M — M be as above, and assume all its fixed points are isolated. Then,

L(f)=Y_ ind(f ).

z€Fix(f)

The assumption on f having only isolated fixed points is not important, since
L(f) only depends on the homotopy class of f and any map of M is arbitrarily
closed to a homotopic map with isolated fixed points.

Now, this implies that L(f) is always an integer and leads to the celebrated Lef-
schetz Fized Point Theorem: If L(f) # 0, then f has a fixed point. In consequence,
if L(f™) # 0 then f has a periodic orbit of period a divisor of m, i.e. not necessarily
of period m. The converse of the theorem is not true.

The growth of the sequence {L(f™)}men contains plenty of information about
the growth of the periodic points. This is a consequence of the following fact.

Theorem 2.1 (Shub and Sullivan, [T9]). Suppose that f : R™ — R™ is C! and that
x is an isolated fized point of f™ for all m. Then the sequence {ind(f™,x)}men is
bounded.

Remark 2.2. In fact, looking closely at Shub and Sullivan’s proof, one sees that they
give a complete description of this sequence as follows. Suppose m is a multiple
of k1,...,kp, where these are orders of some of the roots of unity that appear as
eigenvalues of df (x). Suppose also that m is not a multiple of kpy1, ... , ks, where
these are the orders of the remaining roots of unity that appear as eigenvalues of
df. Then, they show that ind(f™,z) = +ind(f*,z), where A = lem(ki, ..., kp).
Hence, the sequence {|ind(f™, x)|}men is periodic.

We will use the following corollary in Section[d. If A is a finite set, let #A denote
its cardinality.

Corollary 2.3 ([19]). Let f and x be as in Theorem [21. If the sequence of Lef-
schetz numbers {L(f™)}men is unbounded, then f has infinitely many periodic
orbits.

Proof. Let PP denote the set of periodic points of f, which we assume to be finite.
For each © € PP we let p(z) be its period. Then, we can define

C' = max max ind(f**® ).
z€PP keN

It follows then that
L(f™) = > ind(f™z) < C(#PP)
zeFix(f™)

for all m € N. O

Although the Lefschetz numbers contain information about the growth of peri-
odic orbits, they cannot be used to study the existence of periodic points of a given
period. To deal with this problem the periodic Lefschetz numbers were introduced
in [7] and [15]. The Lefschetz number of period m is defined as

(™) = ur)L(f7),

rlm
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where p is the Mobius function given by
1 if =1,
pu(r) =140 if k2|r for some k € N,
(—=1)* if r = py - py, (distinct prime factors).

By the Jacobi inversion formula (see for example [17]),

L(f™) =Y 1)
rlm

The periodic Lefschetz numbers become really interesting when we restrict to
the class of transversal maps, i.e., maps whose periodic points are nondegenerate.
If the graph of a transversal map intersects the diagonal of M x M it does so
transversely; hence all periodic points of a given period are isolated.

For fixed points of transversal maps, the Poincaré index can only be 1 or —1,
depending on whether f preserves or reverses orientation at that point. That is, if
x is a fixed point of f™,

(2.1) ind(f™, z) = sgn(det(I — df™(x))) = (—1)"+®

where wuy(x) is the number of real eigenvalues of df™(z) that are strictly larger
than one (see for instance [§]). This fact is essential in the proof of the following
theorem.

Theorem 2.4 (see [15] and [12]). Let f : M — M be a transversal map on a
compact manifold. Given m € N, if [(f™) # 0 then

(a) m € Per(f) if m is odd,

(b) {m,m/2} NPer(f) # 0 if m is even.

We include the idea of the proof for completeness as well as for its later use in
Section Bl

Sketch of the proof. The Lefschetz zeta function of f is defined formally as

Zs(t) = exp (Z #t") .

m=1
Using the two equivalent definitions of L(f™), and after some calculations, one
has two formal expressions for Z(t), namely

i (™)
(2.2) Z;)=[[ -t~
m=1
and
1) U4 (D Fu_(v)+1
(2.3) ziwy = IT (1= (== tpm)( v :

yePO

where PO is the set of periodic orbits of f, p(7) is the period of v € PO, and u (%)
(respectively u_(v)) is the number of real eigenvalues of dfP(?)(z) strictly larger
than 1 (respectively strictly smaller than —1) for any « € v. Comparing these two
expressions, we get the theorem.

We remark that (2:2) holds for any continuous map, while (Z3]) holds only for
transversal maps.
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3. THE COMPLEX SETTING

Let M be a compact complex manifold of complex dimension n and f : M — M
a holomorphic map. Since M can be understood as a differentiable manifold of
real dimension 2n, all the definitions and results above on transversal maps can be
applied to this case. However, in the complex setting, the Lefschetz numbers give
more information about periodic points than in the real setting.

Set

Fix(f™)={x e M| f™(x) = «},
and
Per,,,(f) = {z € M | z is periodic of period m}.

Theorem 3.1. Let M be a compact complexr manifold and f : M — M a noncon-
stant holomorphic map. Assume that all periodic points of f are isolated. Then
(a) L(f™) > #Fix(f™), for all m € N.
(b) U(fP) > #Pery(f), for all p € N prime.
(¢) There exists M > 0 such that, for all p € N prime and p > M, [(fP) # 0 <—
p € Per(f).
(d) If all fized points of f are nondegenerate, then (c) holds for all p € N prime.
(e) If f is transversal, then I(f™) = #Per,,(f), for all m € N.

We remark that (d) only assumes the fized points to be nondegenerate. As
opposed to transversality, this condition can be checked in many cases.
For the proof we need the well-known facts stated in the following lemma.

Lemma 3.2. Let A be an n x n complex matriz and let B : R — R?" be the
linear map A : C* — C™ considered in R*™. Then, any real eigenvalue of B has
even multiplicity and det(B) > 0.

Proof. With a convenient choice of basis, the matrix B may be written as

B_ ReA —-ImA
" \ImA ReAd /)

If A is a real eigenvalue of B and v = (z,y) € R™ x R™ is an eigenvector of
eigenvalue A, then (—y,z) is a different eigenvector of eigenvalue A. Hence the
subspace associated with A has even dimension.

To see that det(B) > 0 we can change basis to write B in the form

B — ReA+iImA 0 (A0
B 0 ReA—iIlmA) —\0 A)°
Hence det(B) = det(B’) = det(A) det(A) = |det A|*> > 0. O

Proof of Theorem [l To show (a), notice that a holomorphic map, thought of as
a real map, always preserves the orientation at any point. Indeed, if A = df™(z)
for any z € M and B is defined by A as in Lemma 32 it follows that det(B) > 0
and hence f™ preserves the orientation at all points of M. Hence, the local degree
of f—Id near any point z € Fix(f™) is the multiplicity of this fixed point, which
must be positive since the map is nonconstant. We then have

ind(f™,z) >0, forall z € Fix(f™),
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and hence

L(f™)y =Y ind(f™z) > #Fix(fm).

z€Fix(f™)

To show the remainder of the theorem we combine de definitions of L(f?) and
I(fP?) for p prime to obtain

1(f7) = L(f?) = L(f)
= Y ind(ff,2) - Y ind(fx)

(3.1) z€Fix(fP) z€Fix(f)
= > ind(f@)+ Y (ind(f?,z)—ind(f,z)).
zEPer,(f) z€Fix(f)

If x € M is a fixed point of f, then ind(f?,z) > ind(f,z). Indeed, this is clear
since the multiplicity of a fixed point x can only increase with the iterates of the
map. Alternatively, one can also think that any zero of f —Id — ¢ has to be also a
solution of (f — &)? — Id, which is a perturbation of f? —Id. Then from B1I) we
obtain

I(f7)> Y ind(f7,z) > #Pery(f),

z€Pery (f)

and (b) follows.

Moreover, from Remark 221it follows that ind(f?, z) # ind(f, ) only when df (x)
has an eigenvalue which is a primitive p** root of unity. Since f has a finite number
of fixed points, the number of such roots is finite. Hence, for p large enough, these
two indices are equal, and (c) follows.

We now assume that all fixed points are nondegenerate. Let x € Fix(f) and
A = df™(x) for any m € N. Since f™ is holomorphic, any real eigenvalue of the
real matrix B defined by A as in the statement of Lemma [3.2] has even multiplicity.
Since there cannot be any eigenvalue equal to 1, we may compute the index from
1), and we get ind(f™,z) = 1 for all m € N. Therefore, from (3.I]) we obtain

W(ry = > ind(f? ),

zEPery (f)

for any prime p, hence proving (d).

Finally, to see (e), assume that f is transversal, i.e., that all periodic points are
nondegenerate. Then, the argument above holds for any periodic point and not only
for the fixed points. Hence, from (1)) we have ind(f™,z) =1 for all z € Fix(f™)
and all m € N. Therefore the Lefschetz number L(f™) defined above is exactly
the cardinal of the set Fix(f™), i.e. the number of periodic points of period some
divisor of m. Hence

L(f™) =Y #Per.(f).
r|m
By the Jacobi Inversion Formula (see [17]), we have # Per,.(f) = I(f") as defined
above. O

An immediate corollary of this theorem is the following criteria.
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Corollary 3.3. Let f be as in Theorem [Z1. Then the following statements are
equivalent.
(a) The map f has infinitely many periodic points of prime period.
(b) The set of p € N prime such that [(f?) # 0 is unbounded.
(c) The zeta function Z¢(t) has infinitely many factors of the form 1 —t? for p
prime.

We remark that the third part of the corollary comes from expression for
a zeta function.

V. Arnold in [1] posed the following question: “If f: M — M is a (real) analytic
diffeomorphism of a compact analytic manifold, is the number of periodic points of
period m bounded above by an exponential function of m?” We remark that, in

the special case of a holomorphic map, the answer can be viewed as a corollary of
Theorem B1.

Corollary 3.4. Let M be a compact complex manifold and f : M — M a holo-
morphic map. Assume that all periodic points of f are isolated. Then,

#Fix(f™) < C\™,
for some positive real numbers C and \.

Proof. By Theorem Bl (a), the number of fixed points of f™ is bounded by the
Lefschetz number L(f™). By definition,

2n
L(f™) =Y (=1)" trace(f2}),
i=0
where n is the complex dimension of M. Since for all values of i, the matrices fi;
are finite dimensional and their traces are the sum of their eigenvalues, we have
that

L(f™) = A"+ ...+ A = (N + -+ AT,
where the );’s are eigenvalues of the matrices f.; and we have done all possible
cancellations. Finally, let

A = max |\,
1<i<s

and the conclusion follows taking the constant C' = s. |

3.1. Computation of [(f™). In this section we include some criteria that allow
us to determine when the periodic Lefschetz numbers are different from zero. In
general it is not easy to find an explicit expression for [(f™) in terms of m, though,
in some examples, it is easy to do so for L(f™). Clearly, the growth of the Lefschetz
numbers contains a lot of information about the periodic Lefschetz numbers. For
the remainder of this section we assume f to be a continuous map from a com-
pact manifold M to itself, where M has dimension n. We will use the following
proposition in the two applications of Section [4l

Proposition 3.5. Suppose that f is a continuous map from a compact manifold
M to itself and it satisfies

dkm < L(fm) < dkm—i—l
for some d > 2, k > 1 and for all m € N. Then, I(f™) > 0 for all m > 3.
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For the proof we need the following lemma.

Lemma 3.6. The polynomials
Py(d)=d"—d" ' —...—1

satisfy Pp(d) > 0 for all d > 2 and for alln > 1.

Proof. Clearly

dr —1

d—1

and we are done. |

1+d+d*+... +dv 1= <d",

Proof of Proposition[T3. Let P,(d) be as in Lemma [0l
Let m = p{*---p%, where p1,...,ps are distinct prime numbers. Then, by
definition of I(f™),

(™) = p(r)L(f+)

rlm

=L = L () + 3 L(57) = (1L (£
1<i<s 1<i<j<s
>dim - S dritl g 3 A% — oo g (—1)edF S F 30D
1<i<s 1<i<j<s
> Pkm(d)7

where the last inequality holds because km > kTm 4+ 1 for allm > 3 and all £ > 1,
together with the fact that p = 2 is the smallest prime number apart from 1.
Since Py, (d) > 0 for all d > 2, the result follows. O

Remark 3.7. The same proof would work if the condition of Proposition 3.5 were
dFmt < L(f™) < dFm.

For completeness we also include a criterium that was proved in [11].

Let f. be the block matrix which has the matrices f.; on the diagonal for 0 <
k < n, and zeroes elsewhere. Let (f.)¢ (respectively (f.)°) be the block matrix
which has the matrices fi; for k even (respectively k odd) on the diagonal and
zeroes elsewhere. Given a matrix A, define its spectral radius o(A) to be equal to
the maximum of the absolute values of its eigenvalues.

Theorem 3.8 ([I1]). Suppose that the limit lim,, . | trace(F™)|[Y™ exists for
F. € {(f+)5, (f<)°}, and that o((f«)¢) # o((f«)°). If there is an eigenvalue of
f« different from a root of unity and zero, then there exists M such that I(fP) # 0

for all p € N prime, p > M.
1/m
Furthermore, if we assume that the limit lim,, oo ‘Zrlm p(r) trace (F*m/’“)

exists for F € {(f«)¢, (f«)°}, then there exists M > 0 such that I(f™) # 0 for all
m > M.
4. APPLICATIONS

4.1. Holomorphic mappings of CP(n). The complex projective space of dimen-
sion n is the quotient of C"*! by the equivalence relation

(20,21, y2n) ~ A(20, 21, , 2n) for all A € C\ {0}.



4720 NURIA FAGELLA AND JAUME LLIBRE

Points in CP(n) are represented in homogeneous coordinates by
[20:21: -t 2n], 2 #0for some 0 <i<mn;

which denotes an equivalence class.

The space CP(n) is then the natural compactification of C™ and can be thought
as adding at infinity a subspace of dimension n — 1. For example, CP(1), the
Riemann sphere, is the compactification of C obtained by adding the point at
infinity. This makes holomorphic maps of CP(n) the natural generalization of
rational maps of the Riemann sphere.

Holomorphic maps of CP(n) are characterized as follows.

Theorem 4.1 ([10]). Let f be a nonconstant holomorphic map from CP(n) to
CP(n). Then, f is given in homogeneous coordinates by [fo : f1:...: fn], where all
components are homogeneous polynomials of the same degree and with no common
zeroes except the origin.

Under the assumptions of Theorem 1] we will call the degree of the polynomials
fo, ..., fn the degree of the holomorphic map f.
The goal in this section is to prove the following theorem.

Theorem 4.2. Let f : CP(n) — CP(n) be holomorphic of degree d > 2.
(a) f has infinitely many periodic orbits.
(b) There exists M > 0 such that p € Per(f) for all p > M prime.
(¢) If f is transversal, then Per(f) =N.

We remark that part (a) was shown for d = 2 in [I0]. The proof is done from a
complex analytic point of view.

We will prove Theorem[4.2 by computing the Lefschetz numbers and the periodic
Lefschetz numbers of f.

Let f : CP(n) — CP(n) be a holomorphic map. In order to compute the
Lefschetz numbers of f we need to find its homology class. The following are well
known facts from topology.

Proposition 4.3. The homology groups of CP(n) with rational coefficients are

Q fori=0,2,4,...,2n,
0 otherwise.

H;(CP(n),Q) = {

Moreover, any continuous mapping f of CP(n) induces homomorphisms on the
homology groups

fuor = (a")
for k=0,1,... .n and for some a € Z that depends on f.

For a proof see for example [20].

We now need to learn how the number a depends on f. This follows from the
fact that the last homology group of a compact manifold can be computed from
the topological degree of the function. We state this result in a more general form
below (see for example [13]). As usual, Int(A) denotes the interior of the set A.

Proposition 4.4. Let f: M — M be a C' map and M a compact, connected and
oriented differentiable manifold of dimension n.
(a) If ¢ € Int(M) is a regular value of f, then f=1(q) is a finite number of points
Pi,- Pk
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(b) The group H,(M,Q) has one generator, and hence f., is multiplication by
an integer D, called the topological degree of f.
(¢) Under the assumptions of the above statements, let D; = 1 (respectively —1)

if | preserves (respectively reverses) orientation at p;. Then D = Zle Dy,
and it is independent of the reqular point q chosen.

We apply this proposition to show

Proposition 4.5. Let f : CP(n) — CP(n) be a holomorphic map and let d be its
degree. Then, the homomorphisms induced by f on the homology groups are

feow = (d¥) fork=0,1,... n.

Hence,

2n
L(f) = Z(—l)i trace(fu;) = 14+d+d>+--- +d"™.

i=1

Proof. Since we have seen that holomorphic maps always preserve orientation, the
topological degree of f is the number of preimages of a regular point. By Bézout’s
Theorem (see for example [10]), the number of preimages of a regular point is the
product of the degrees of the polynomial coordinates, that is, d”. Hence

From Proposition B3 the result follows. O

Proof of Theorem .2 Since the nonzero homology groups of CP(n) are one-dimen-
sional, by using Proposition[45] we have that for any m > 0

L(f™) =1+d™+d*™ +...+d"™.

Since d > 2, the sequence {L(f™)}men is unbounded, and hence (a) follows from
Corollary 2.3

Moreover, it is clear that
dmm < L(fm) < dnm-{-l7

and we can apply Proposition with ¥ = n to conclude that I(f™) # 0 for all
m > 3. Also,

) =L(f)=1+d+...+d"
and
1(f?) = L(f*) = L(f)

=14+ +d+..  +d"—-Q+d+...+d")
>P2n(d),

where Pa,,(d) is as in Lemmal[3.8 and hence greater than 0 for d > 2. One concludes
then that {(f™) > 0 for all m € N. Statements (b) and (c) follow then fromEIl O
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4.2. Holomorphic maps on some Hopf surfaces. A compact complex surface
X is called a Hopf surface if its universal covering is biholomorphically equivalent
to C?\ {0} and its fundamental group equals Z.

The group of covering transformations of a Hopf surface is generated by a con-
traction

M :C? - C?, M(0) =0,
which, after a change of coordinates, can always be written as
M(z,w) = (az + AP, fw),
where p € N\ {0}, and «a, 8, \ € C are subject to
0<|al<|f] <1 and (a— FP)A=0.

The Hopf surface X defined by a particular M (z,w) is the space C? \ {0} after
identifying points that belong to the same orbit under M. Holomorphic maps from
X to X are holomorphic maps f : C2\ {0} — C?\ {0} that send orbits of M to
orbits of M; that is,

foM=M%of, for a unique d € N.

There is a classification of Hopf surfaces that depends on the values of «, 3, A
and p (see for example [21]). In this subsection we deal with Hopf surfaces that are
generated by a contraction of the type

e (5 )0

where 0 < |a| < 1. From now on and unless otherwise specified, when we refer to
a Hopf surface we mean a surface of this type.

Proposition 4.6. Let X be a Hopf surface and f : X — X a holomorphic map.
Let d be the positive integer for which fo M = M%o f. Then,

f(z,w) = (aw? + dbzw?~!, bw?),
for some a € C and b € C\ {0}.

The proof is very technical, and it is postponed to the appendix.
In an analogous way to the case of CP(n), in this section we prove the following
theorem.

Theorem 4.7. Let X be a Hopf surface and f : X — X a holomorphic map as
in the statement of Proposition[{.6] with d > 2. Then the following statements are
satisfied.

(a) f has infinitely many periodic orbits.
(b) There exists M > 0 such that p € Per(f) for all p > M prime.
(c) If f is transversal, then Per(f) = N.

As in the application to CP(n), we will show that the periodic Lefschetz numbers
are all different from 0.
Since every Hopf surface X is homeomorphic to S' x S3, we have

Q ifi=0,1,3,4,

0 otherwise.
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To compute L(f™) we need then to compute the homology class of f, that is, fo,
f+1, f«3 and fi4. Since X is connected, we already know that f.o = Id, hence
trace(f.o) = 1. To compute the last one, we will use Proposition Z4

Proposition 4.8. The topological degree of a holomorphic map as in Proposition
[[.6lis D = d*. Hence

trace(fe) = d>.

Proof. Recall that the topological degree of a holomorphic map f is the number of
preimages of any regular point, since f preserves orientation at all points. In this
case, for (zo,wp) generic, the system
aw? + dbzw? ! = 2z,
bwt = w,
has d distinct solutions in C2. When we consider the map f on X we must do this
d times, i.e. we must look for points (z,w) such that

f(z,w) = M (20, wp), 0<i<d.

Those will be all distinct and there cannot be any others. Hence, by Proposition
B4 we obtain D = d?, and f,.4 is multiplication by d2. O

To determine the remaining necessary traces for the computation of L(f™) is not
at all trivial. However, one can use the Lefschetz numbers of f and f2 to compute
them. First, we give an auxiliary lemma.

Lemma 4.9. A map [ as in Proposition[J-0 has (d—1)? fized points and (d* —1)?
fized points of f2.
Proof. A point (z,w) satisfying f(z,w) = M"(z,w) for some n > 0 is a fixed point
of f. Those are the solutions of the following system:

aw? + bdzw® ' = a"z+na" tw,

bw?® = o w.
It is easy to check that there are d — 1 solutions for each n.
Note that if f(z,w) = M"™(z,w), then, for all k£ € N,

FMF(z,w)) = MM (f(z,w)) = M*F (z,w) = MPHRED(MF (2, w)),
where we have used the relation f o M = M%o f. Hence, if (z,w) is a solu-
tion of f(z,w) = M™(z,w), then its orbit by M contains solutions of f(z,w) =
MnHREA=1D (3 ) for all k and not of any others. So the fixed points of f are the
solutions of

f(z,w) = M (2, w), 0<i<d-2.

Since there are d — 1 of these equations and we have seen that each has d — 1
solutions, we obtain that f has (d — 1)? fixed points.

For the periodic points, observe that f2(z) is also a holomorphic map of X where
d is replaced by d?. The same argument as above gives the existence of (d? — 1)?
fixed points. O

Proposition 4.10. Let X and f be as in Theorem[].7 Then
trace(f.1) = trace(fi3) = d.
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Proof. Let A =trace(f«1) and B =trace(f.3). Then, by definition of the Lefschetz
numbers,

1-A—B+d> = L(f),

(41) - A - B d = L(f)

Since f is holomorphic and transversal, L(f) (respectively L(f?)) is the number of
fixed points of f (respectively of f2). Since we have an expression for f, we can
compute those.

Therefore, system (£J]) becomes

1-A-B+d*> = (d-1)?
1-A2-B24+d* = (d?-1)%
and its solution is A = B = d. This concludes the proof of the proposition. O

Proof of Theorem [ We now have an explicit expression for the Lefschetz num-
bers:

L(f™) = d*™ —2d™ + 1.

Since d > 2, the sequence {L(f™)}men is unbounded. Hence, statement (a) follows

from Corollary 2.3
We observe that

P < L(f™) < dP

Hence, by Proposition BAl (see Remark B7), I(f™) > 0 for all m € N. Statements
(b) and (c¢) now follow from Theorem 311 O

5. ANOTHER PROOF OF BAKER’S THEOREM

In 1964, Baker completely described the periodic set of any holomorphic map of
the Riemann sphere, i.e., a rational map, and also in the special case of a polynomial.

Theorem 5.1 ([3]). (a) Let P be a polynomial of degree at least two and suppose
that P has no periodic points of period n. Then n = 2, and P is conjugate to
2
Z2— 2% — 2.
(b) Let R be a rational function of degree d > 2, and suppose that R has no peri-

odic points of periodn. Then (d,n) is one of the pairs (2,2),(2,3), (3,2), (4,2).

The proof of this theorem can also be found in [4]. In this subsection we will
give an alternative proof which uses the Lefschetz numbers. The main tool is
the following theorem which is the analogue to Theorems [Z4] and B.I] for general
holomorphic maps of the Riemann sphere.

Theorem 5.2. (a) Let P: C — C be a polynomial of degree d > 2. IfI(P™)/m >
d —1, then m € Per(P).
(b) Let R : C — C be a rational map of degree d > 2. If I(R™)/m > 2(d — 1),
then m € Per(R).

The proof follows the idea of the proof of Theorem[Z4. Thus, by using the two
definitions of the Lefschetz numbers we will find two expressions for the dynamical
zeta function. From their comparison the result will follow.
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Let R be a rational function of degree d. Let PO be the set of periodic orbits
of R. Given a periodic orbit v € PO, let p(vy) be its period. If v = {z,,) =
20, 215+ o 5 Zp(y)—1) With z; = R(2p), we define the multiplier of v as

p(y)—1
p=p() =R (%)= [] R
i=0

With this notation, R is transversal if and only if there is no periodic orbit whose
multiplier is a root of unity. Since we allow R not to be transversal, we must
account for this kind of periodic orbit.

The first step is to find an expression for the Poincaré index of R™ at any periodic
point. Let PONT C PO be the set of periodic orbits whose multiplier is a root of
unity. Then, if v € PO\ PONT|

ind(R™,z)=1 forall z €+ and for all m € N.

Now take v € PONT with multiplier p(y) = exp(2mir/s) with r and s coprime,
and assume for the moment that v is a fixed point zg. The index of R™ at zy will
be different from 1 only for those m for which (R™)’(z9) = 1. That is,

ind(R™, zp) =1 for all m such that s }m.

The dynamics around a nontransversal fixed point are described by the Leau-Fatou
Flower Theorem. We state this theorem below, together with a well known fact of
complex dynamics (see for example [4]).

Theorem 5.3. Let R be a rational map and zy a fixed point of R with multiplier
exp(2mir/s), where r and s are coprime. Then, there exists k € N such that for all
leN

RY%(2) = (2 — 20) + (2 — 20)** " + h.o.t.
Moreover,

(a) there are exactly 2ks elliptic sectors around zy, and
(b) there are k critical points (points of derivative equal to 0) attracted to zy.

By the Bendixson Index Formula (see [14]), we have
ind(R", 29) = ks + 1 for some k € N and for all ] € N.

Returning to periodic orbits, let v = {z0,...,2p(y)—1} be a periodic orbit of
period p(v) and multiplier p(y) = exp(27ir/s(v)). Applying Theorem F3to RP(Y),
we obtain a natural number k = k(y) € N such that
RPN () = (2 — z;) + (2 — z)**IFL L hot. foralll € Nand 0 <i < p(y).
Then

E(y)s(v) +1 if m = Ip(vy)s(y) for some | € N,
1 otherwise.

ind(Rm, Zi) = {

Proposition 5.4. Let R be a rational map of degree d > 2. Then the dynamical
zeta function of R can be written as

Zgr(t) = H (1— tp(v))fl H (1— tp(v)&(v))fk(v).

yEPO yePONT
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Proof. This proof uses ideas of [§]. For v € PO let L,,(R,~) be the contribution of

v to L(R™), i.e

Then

0 it p(y) fm,

Lin(R,7) = {Eze'y ind(R™,z) ifp(y)|m

L(R™) = Y id(R™z)= > Ln(R

z€Fix(R™) ~¥EPO

For v € PO\ POMT we have

_Jo ifp(y) fm,
Lom(B,7) = {p('y) otherwise;
and, if v € PONT, then
0 if p(v) f m,
Ly(R,7) = { p(7) if p(y) | m but s(y) [ m,
p(V)(k(y)s(v) +1) if p(y) [ m and s(y) | m.
Therefore,
Zr(t) =exp (Z #tm

m=1
= ZWEPOLT”/(R),Y) m
exp <Z o t
m=1
o0
exp | D Y T
yEPOmMm=1
exp Z ZLZp(v) tlp('y)
YEPOI=1
p(Y) . () p(VEM)s(Y) (7)s(7)
oo | 3 S M wor 5> S o
vyePOI=1 ( ~yePONT [=1 7)8(7)
[T exp(—log(1 — 7)) ] exp(—k(v)log(1 — tr(M())
~yePO yePONT
H (1 — P2 H (1 — 2=k,
¥EPO YEPONT

O

The second expression for the dynamical zeta function of R uses the definitions
of the Lefschetz numbers in terms of homology. With some computations, one can
show (see for instance [2]) that

(5.1)

oo

Zp(t) = J[ (1 - )~

m=1

Finally, the last ingredient in the proof of Theorem is the second part of
Theorem B3] By the Riemann-Hurwitz formula (see for instance [18]), a rational
map can have at most 2(d — 1) critical points. Clearly, a polynomial can have at
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most d — 1 critical points. By Theorem (.3, this translates into the following upper
bounds:

d—1 if R is a polynomial,
> k=1, -
LePoNT (d—1) otherwise.

Proof of Theorem [E2 Assume P is a polynomial and [(P™)/m > d — 1. Then, by
(El), the zeta function has more than d — 1 factors of the form 1 — ¢™. On the
other hand, by Proposition (4]

Zp(t) = H (1— tp(v))—l H (1— tp(v)S(v))—k(v).
YEPO ~yEPONT

Since Y cponr k() < d— 1, it follows that there can be at most d — 1 factors of
the form 1 — ¢ coming from the second product, for values of p and s such that
ps = m. This implies that at least one of them must come from the first product.
That is, there is at least one orbit v such that p(y) = m.

For a general rational function, apply the same argument, replacing d — 1 by
2(d — 1). The second part of the theorem follows. O

We now apply Theorem [B.2]to prove Baker’s Theorem.

Proof of Theorem [5-1l Recall that for a rational map R, L(R™) = 1 + d™. Since
> rjm () = 0, we have

(R™) = d™ - Py(d),

where ]Bk(d) is a polynomial with coefficients equal to 1 or —1 and no constant
term. Let

P.(d)=d"+d" ' +... +d
Then [(R™) > d™ — Py(d), where k < m/2. By induction it is easy to see that
d™ — Py(d) > 2m(d—1), forallm >4 andd > 2.

Hence rational functions, and, in particular, polynomials, have periodic orbits of
all periods greater than or equal to 4.
We now compute

(R =d*>—d >2(d-1) ifd>2,
(RY) =d*>—d >4(d—1) ifd>4,
IR =d3—d >6(d—1) ifd>2,

and thus, from Theorem [5.2, we obtain the remaining cases. O

APPENDIX: PROOF OF PROPOSITION [£L.6
We restate the proposition for convenience.

Proposition 4.6. Let X be a Hopf surface and f : X — X a holomorphic map.
Let d be the positive integer for which fo M = Mo f. Then,

f(z,w) = (aw® + dbzw?™1, bw?),

for some a € C and b € C\ {0}.
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Proof. Since M (z,w) = (az + w, aw), if f(z,w) = (fi(z,w), fa(z,w)), then
(A.2) filaz +w,aw) = alfi(z,w) +da fo(z,w),
(A.3) folaz +w,aw) = afy(z,w).

By Hartogs’ Theorem (see for example [22]), f extends to a holomorphic mapping
of C? with f(0) = 0, and hence it can be expanded into its Taylor series around
0. We will expand the functions on both sides and compare the coefficients of the
same degree to get, by induction, the conditions on f. We start with fs.

Suppose fa(z,w) = Zk’jeN by, jz"w’. Then, equation (A23) becomes

(A.4) Z br,j(az + w)Fadw! = ot Z by, 2w
k,jEN kjEN

( )a 2P
=0
the left hand side of (A.4]) becomes

> bjlaz +w)fele’ = Zzpzzbzw< >ap+jwk+jp

k,jeEN peEN  JENkeN
k>p

= Zzp Z bH_p](p“‘Z)apﬂ itj

peEN i,JEN

Since

M?r

az+w

= > 2wl | > prj(p—i—z) o

p,qeEN i+Jj=q

= 3 e (waq z<JD+Z> pta— )

p,qEN

Comparing the coefficients of the same degree in (A4), we get the equations

- p+i ;
Zblﬂri,qi( p )apﬂz - adbp,qa

i=0
or, equivalently,

_ +
(A5)  byg(aPt —a) +byi1 g 1(p+1D)aP I b £ byia0 (p ; q) o = 0.

We claim that b, , = 0 for all (p,q) # (0,d). We show this claim by induction
on q. For each d > 1, we treat the cases ¢ < d and g > d separately.

Case q¢ < d. For ¢ = 0, equation (A5 reads b, o(a? — ad) = 0.

Hence b, o = 0 for all p # d. But for ¢ =1 and p =d — 1 we have

bd_Ll(ad — ad) + bd70dad71 =0.

Hence b4, = 0.

We now assume by, q—1 = bp q—2 = -+ = bpo = 0 for all p. Then, equation (A:H)
becomes by, ,(aPT9—a?) = 0. Hence, b, , = 0 unless p+¢ = d. In particular, by, = 0
unless ¢ = d. For p+q=d and p > 1 we have by_1 411(a? — a?) + b, ;pad=t =0,
and therefore b, , = 0.
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Case ¢ = d+i withi > 0. If i = 1 eq. (AL says by gr1(aPTitl — o)
+ bpr1.a(p + 1)aPt® = 0. Since p + 1 > 0, this implies that b,114 = 0, and
consequently b, q+1 = 0 unless p + d + 1 = d, which is impossible.

Suppose b, , =0 for all p > 0 and d +1 < g < d +i. Then, again from (A5]) we
obtain that by, 44;(aP T4 — a?) = 0. Hence by 41; = 0 unless p + d + i = d, which
is impossible.

This concludes the proof of the claim, and we have shown that

fa(z,w) = bw? for some b € C.

We note that b must be different from zero. Indeed, if that were not the case, the
same calculations applied to fi(z,w) would lead to fi(z,w) = aw? for some a € C,
and consequently f2(z,w) = (0,0) ¢ X.

To find the expression for fi(z,w), assume that fi(z,w) = Zi}jeN
Then, repeating the above arguments, we see that equation [A22]) becomes

q .
) .
Z 2Pw? <Z Gptig—i (p+ )aerqZ) = Z ap.q?Pw! + da T hw.
p

p,qEN 1=0 p,qEN

a; ;2w

For p = 0 and ¢ = d the terms with ag 4 cancel out, and we have
(AG) aLd,lad_l + agyd,gad_Q +...+aq0= d()éd_lb.

Otherwise, as before, we get the equation equivalent to (AF), i.e.
pta _ o d p+q—1 P+a\ p_
(A7) apg(a”™ = a%) +api1ga(p+ 1o T Aprgo D a? =0.

We claim that a, , = 0 for all (p,q) ¢ {(0,d), (1,d—1)}. We will show this claim
in four steps.

Case ¢ < d—1 with d > 2. Then a,, = 0 for all p > 0. If ¢ = 0, by equation
A we get apo(a? — ad) = 0. Hence apo = 0 unless p = d. But we have
ag—1,1(a? — a?) + agoda?"t =0, and therefore a4 o = 0.

Suppose it is true until ¢— 1. Then, from (A7) we have that a, ,(a?T9—a?) = 0.
So apg = 0 unless p = d — q. But ag_q—1,4+1(a? — a?) + ag_g 4,041 = 0, and
therefore ag—q,q = 0.

Case ¢q =d—1. If p # 1, then apq—1 = 0 and a;,4—1 = bd. From equation
([A8) we have a, 4-1(aPt4"t —ad) = 0. Hence a,4-1 = 0 unless p = 1. On the
other hand, from equation (m) we obtain aoyd(ad — ad) + alﬁd,ladfl = da®1p.
Therefore a; 4—1 = db.

Case ¢ = d. If p # 0, then a, 4 = 0. This comes from a, 4(a?*® —a?) +ap41.4-1
=0 and the case ¢ =d — 1.

Case ¢ > d. Then ap 4 =0 for all p > 0. If ¢ = d + 1, we have

d+1 d
apar1 (@ —a?) +api1.a=0.

From the case ¢ = d and the fact that p + d 4+ 1 # d we obtain ap 441 = 0 for all
p> 0.

Suppose it is true for ¢ = d+i—1. For ¢ = d+i we have a, 44;(aPT4T" —ad) = 0,
and therefore ap g4 = 0 since p+d + ¢ # d.

These four steps conclude the proof of the claim. We have shown that

filz,w) = aw® + dbzw®!

for a,b € C, b # 0. This concludes the proof of the proposition. O
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